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Abstract
If E is a subset of the integers then the n-th characteristic ideal of E is the fractional
ideal of Z consisting of 0 and the leading coefficients of the polynomials in Q[x] of degree
no more than n which are integer valued on E. For p a prime the characteristic sequence
of Int(E,Z) is the sequence αE(n) of negatives of the p-adic valuations of these ideals.
The asymptotic limit limn→∞
αE,p(n)
n
of this sequence, called the valuative capacity of
E, gives information about the geometry of E. We compute these valuative capacities
for the sets E of sums of ℓ ≥ 2 integers to the power of d, by observing the p-adic
closure of these sets.
1 Introduction
Given E a subset of Z, the valuative capacity of E is a notion that was first introduced by
Chabert in [Cha01], in analogy to the idea of capacity of a subset originally introduced by
Fekete in 1923 in [Fek23]. Recent results [FP16] show that these notions actually coincide
in many cases. The later has played a central role in several important results such as
the Polya-Szego¨ theorem [PS72] , integer polynomials approximation [Fer06] and algebraic
geometry [Rum13]. Chabert’s definition is by way of the theory of integer valued polyno-
mials:
Definition 1. For any subset E of Z the ring of integer valued polynomials on E is defined
to be
Int(E,Z) = {f(x) ∈ Q[x] | f(E) ⊆ Z}.
Definition 2. The sequence of characteristic ideals of E is {In | n = 0, 1, 2, . . .} where In
is the fractional ideal formed by 0 and the leading coefficients of the elements of Int(E,Z)
of degree no more than n and the characteristic sequence of E with respect to the prime p,
is the sequence of negatives of the p-adic valuations of these ideals, denoted αE,p(n).
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The valuative capacity arises from wanting to find the asymptotic behaviour of αE,p(n).
In [Cha01] Chabert shows that the limit of
αE,p(n)
n
with respect to n exists, and defines:
Definition 3. The valuative capacity of E with respect to p is the following limit:
LE,p = lim
n→∞
αE,p(n)
n
.
In 1997, Bhargava introduced the following definition which is very important when study-
ing integer valued polynomials:
Definition 4. A p-ordering of E is a sequence (an)n≥0, such that, for each n, an ∈ E is
chosen to minimize
νp((an − an−1) · · · (an − a0)),
where νp denotes the p-adic valuation.
Proposition 5. [Bha97] Let (an)n≥0 be a sequence of distinct elements of E. Then,
(an)n≥0 is a p-ordering of E if and only if for a given 0 ≤ n, the polynomials
fn(X) =
n−1∏
k=0
X − ak
an − ak
form a basis for the Z(p)-module Int(E,Z(p)) = {f(x) ∈ Q[x] | f(E) ⊆ Z(p)}. Consequently,
νp
(∏n−1
k=0(an − ak)
)
= αE,p(n) for 0 ≤ n ≤ m.
In this paper we are interested in finding the valuative capacity of the set of sums of ℓ ≥ 2
integers which are each d-th powers, for d ≥ 3, since the details for the case d = 2 are in
[FJ16] and those for ℓ = 1 are in [FJ12].
Definition 6. For a fixed d ∈ Z with d ≥ 0, we define D to be the set of d-th powers of
integers, thus D = {xd | x ∈ Z} and we let ℓD = D + · · ·+D, for ℓ terms in the sum.
The main result of this paper is:
Theorem 7. Let p be a prime number, d a positive integer and ℓ an integer greater or equal
to 2. Then, LℓD,p is an algebraic number of degree at most 2. Moreover, if 0 can be written
non-trivially modulo pe as a sum of ℓ elements to the power of d, where e = 1 + 2νp(d),
then LℓD,p is a rational number.
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We will divide the paper into the following sections: first we will go over background and
notation, where we prove some general results about valuative capacity that will be needed,
then we will prove the main theorem, and then discuss the cases where we know that we
can write 0 as a non-trivial sum of ℓ elements to the power of d, and give formulas for the
valuative capacity in those cases.
2 Background and Notation
In this work we are interested in the sets ℓD, for d a positive integer with d > 2. Similarly
to Definition 6:
Definition 8. Let Dpe denote the set of d-th powers modulo p
e, for e ≥ 1 and ℓDpe the sets
of sums of ℓ elements to the power of D modulo pe. We will also make use of D = lim←−−−
m∈N
Dpm,
the p-adic closure of D in Zˆp, and similarly we will consider ℓD.
We will now recall some propositions that will help us to compute valuative capacities.
Proposition 9. For a prime p, the valuative capacity of the set of integers is LZ,p =
1
p−1 .
Proof. The positive integers in increasing order are a p-ordering of Z, hence, by Definition 3,
we have that αZ,p(n) = νp(n!). By Legendre’s formula νp(n!) =
n−∑ni
p−1 , where 0 ≤ ni < p
are the coefficients of the base p expansion of n, i.e. n =
∑
nip
i. We can thus compute
LZ,p = lim
n→∞
αZ,p(n)
n
=
1
p− 1
.
Given A a subset of the integers, for the remainder of this paper, A will denote the p-adic
closure of A in Zˆp. Also note that ℓD is the set the previously defined of sums of ℓ elements
to the power of d, but for a given integer k, a prime p, and E ⊆ Z, pkE is the usual set
{pka | a ∈ E}.
Proposition 10. Let p be a fixed prime and A be a subset of Z.
1. [BC00] We have that Lα
A,p
= LαA,p, since αA,p = αA,p.
2. [Joh09b] If A has characteristic sequence αA,p(n) then for any c ∈ Z the charac-
teristic sequence of A + c is also αA,p(n) and the characteristic sequence of p
kA is
αA,p(n) + kn.
3. [Joh09b] If B is another subset of Z, with the property that for any x ∈ A and y ∈ B
it is the case that νp(x − y) = 0, then the characteristic sequence of A ∪ B is the
disjoint union of the sequences αA,p(n) and αB,p(n) sorted into nondecreasing order.
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Definition 11. For a fixed prime p, and A, B two subsets of Z, the characteristic sequence
of A∪B mentioned in Proposition 10(3) is called the shuffle product of αA,p(n) and αB,p(n)
and is denoted (αA,p ∧ αB,p)(n).
Proposition 12. [Joh09] If αA,p(n) and αB,p(n) are the characteristic sequences of A
and B respectively, for a prime p, and A, B satisfying Proposition 10(3), with LA,p =
limn→∞
αA,p(n)
n
and LB,p = limn→∞
αB,p(n)
n
then
1
LA∪B,p
=
1
LA,p
+
1
LB,p
.
The next proposition is a generalization of the above, which will prove itself to be very
useful when computing valuative capacities.
Proposition 13. [Joh15] Given a prime p, if A and B are disjoint subsets with the property
that there is a nonnegative integer k such that νp(a− b) = k for any a ∈ A and b ∈ B, then
1
LA∪B,p − k
=
1
LA,p − k
+
1
LB,p − k
.
Proposition 14. If E is a union of cosets modulo pm for some m, then the valuative
capacity of E is rational and recursively computable.
Proof. We prove the above by induction on m, the case m = 1 being Proposition 12. Sup-
pose LE,p ∈ Q for all E =
⋃ℓ
i=1(ai + p
kZ), for 1 < k < m.
Suppose E =
⋃ℓ
i=1(ai + p
mZ) and, for j = 0, 1, . . . , p − 1, let Ej =
⋃
ai≡j (mod p)
(ai + p
mZ).
We have that E =
⋃
Ej and
LE,p =

p−1∑
j=0
(
LEj ,p
)−1
−1
since the Ej satisfy the hypotheses of Proposition 12. Thus LE,p is a rational combination
of the LEj ,p’s, which are rational by induction and Proposition 13. Each Ej is the translate
by j of p times a union of cosets (mod pm−1), so our induction hypothesis applies and
LE,p ∈ Q.
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Propositions 12 and 13 give a method of computing LA for A = A1 ∪ A2 in terms of LA1
and LA2 when A1, A2 are such that νp(x1 − x2) is constant for xi ∈ Ai. To handle some
cases in which this conditions fails we proceed in several steps, expressing A as a nested
union of sets Bi with Bk = Ak ∪Bk+1 and νp(x1 − x2) constant if x1 ∈ Ak and x2 ∈ Bk+1.
The next propositions will involve continued fractions, and we will use the concise notation
for these where [a; a0, a1, . . . , ak] denotes
a+
1
a0 +
1
a1 + .. . +
1
ak
for k a positive integer. More details about this notation can be found in [Dav82, IV p.81].
(Note that in [Dav82, IV p.81], the ai’s are integers, while in what follows they will be in Q.)
Thus Proposition 13 becomes: given a prime p, if A and B are disjoint subsets with the
property that there is a nonnegative integer k such that νp(a − b) = k for any a ∈ A and
b ∈ B, then LA∪B,p has the continued fraction expansion:
LA∪B,p = a0 +
1
a1 +
1
a2 + LB,p
= [a0; a1, a2, a3],
with a0 = k, a1 =
1
LA,p−k , a2 = −k and a3 =
1
LB,p
.
Proposition 15. Fix a prime p. Let A0, A1, . . . , Am be disjoint subsets of Z such that,
whenever 0 ≤ k < h ≤ m, a ∈ Ak, and b ∈ Ah, one has νp(a−b) = k. Then, the p-valuative
capacity of A = A0 ∪ · · · ∪Am, has the following continued fraction expansion:
LA,p = [0; a0, a1, . . . , a2(m−1), a2m−1]
where a2k =
1
LAk−k
for 0 ≤ k ≤ m − 1, a2k+1 = 1 for 0 ≤ k < m − 1, and a2m−1 =
LAm − (m− 1).
Proof. We prove the statement by induction on m. For m = 0, we are in the case A = A0
and the continued fraction equals LA0 . For m = 1 we have A = A0∪A1 and by assumption
νp(a− b) = 1 if a ∈ A0 and b ∈ A1 = B, then by Proposition 13:
LA0∪A1 = 1 +
1
1
LA0 − 1
+
1
LA1 − 1
.
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Now suppose that this results hold for 1 < m ∈ Z, and we will prove the case m+ 1. We
have that νp(a− p) = m if a ∈ Am and b ∈ Am+1 in this case, by Proposition 13:
LAm∪AM+1 = m+
1
1
LAm −m
+
1
LAM+1 −m
,
by induction hypothesis
LA = [0; a0, a1, a2, . . . , a2m, L(Am∪AM+1) − (m− 1)].
Substituting appropriately yields:
LA =
[
0; a0, a1, a2, . . . , a2m,
(
m+ 11
LAm−m+
1
LAM+1−m
)
−m+ 1
]
=
[
0; a0, a1, a2, . . . , a2m, 1,
1
LAm−m +
1
LAm+1−m
]
=
[
0; a0, a1, a2, . . . , a2m, a2m+1, a2m+2, LAm+1 −m
]
with a2m+1 = 1 and a2m+2 =
1
LAm −m
.
If E is a subset of Z, which we can rearrange as a union of subsets E =
(⋃m−1
k=0 Ek
)
∪pmE,
where the Ek’s are unions of cosets Ek =
⋃
(c + pmZ), c 6= 0, where νp(c) = k, for all c
from Ek, then the previous proposition applies.
Corollary 16. If E = E′ ∪ pmE, where E′ is a union of nonzero cosets (mod pm),
then LE,p is the root of a quadratic polynomial in Q[x], whose coefficients are recursively
computable.
Proof. By Proposition 14 LE′,p ∈ Q, and we can set up this situation as in Proposition 15,
where in this case A = E, the sets Ak are separated according to the p-adic valuation of
their elements and the differences of these with elements of other subsets.
Then we have that Am = p
mE, hence the valuative capacity is
LE,p = [0; a0, a1, . . . a2(m−1), a2m−1]
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where a2k =
1
LAk,p
, a2k+1 = 1 for 0 ≤ k < m − 1 and a2m−1 = LAm − (m − 1) = LA − 1
by Proposition 10(2). The Ek also have rational valuative capacity by Proposition 13
and LE′,p ∈ Q. Since this is a continued fraction of period 2(m − 1), the argument
in [Dav82, Chapter IV section 9] gives that it is the root of a quadratic polynomial over
Q[x], although the ai’s are not necessarily integers, the values may be rational, the result
still applies.
Now we look into how to rearrange a subset E = E′ ∪ pmE in practice. First we split
E′ into smaller subsets Ei such that ν(x1 − x2) = m− 1, for all x1, x2 ∈ Ei and x1 6= x2.
We then need to split up these subsets again depending on the valuation of the differences
of their elements. There is no straightforward way of doing this, we illustrate the process
in the following example. We then compute LEi,p which is a rational number, and for the
case we are interested in for our main theorem the Ei are finite, since we only get a finite
number of residue classes that are a sum of ℓ elements to the power of d in Z/(pm). Thus
LEi,p depends on p and the number of elements in Ei only. We then compute νp(Ei −E
′
i),
for all of subsets. Now we calculate the valuative capacity for the union of subsets having
the highest valuation using Proposition 13, and keep repeating the process until we can
use Proposition 12.
Example 17.
(a) We illustrate the above with p = 3, and A = {0, 1, 2, 3, 10, 11, 12, 19, 20, 21}+33Z (this
set is actually 3D33 when d = 6). We write A such that it satisfies the decomposition
from Proposition15:
A0 = {1, 2, 10, 11, 19, 20} + 3
3Z
A1 = {3, 12, 21} + 3
3Z
A2 = {0} + 3
3Z
we have that p ∤ a for all a ∈ A0 and p divides exactly a for all a ∈ A1. If a ∈ A0,
b ∈ A1 ∪A2, then ν3(a− b) = 0, since p ∤ a and p | b. We can rewrite A0:
A0 = (1 + {0, 9, 18} + 3
3Z) ∪ (2 + {0, 9, 18} + 33Z).
The valuative capacity of both sets in the union of A0 is
L1+{0,9,18}+33Z = L2+{0,9,18}+33Z = L{0,9,18}+33Z = L9({0,1,2}+3Z) = 2 + LZ = 2 +
1
2
=
5
2
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Now we can find the valuative capacity of A0, A1 and A2 using Proposition 12, for
which we obtain LA0 =
5
4 , LA1 =
5
2 and LA2 =
7
2 . We are ready to compute the
valuative capacity of A:
LA =
1
1
LA0
+
1
1 +
1
1
LA1 − 1
+
1
LA2 − 1
=
1
1
5
4
+
1
1 +
1
1
5
2 − 1
+
1
7
2 − 1
=
155
204
.
(b) Now we look into the valuative capacity of the set E = E′∪36E, where E′ is A0∪A1
from part (a). We use Proposition 15 with A2 = 3
6E.
Then we have that LE = [0; a0, a1, a2, LA2 − 1], where a0 =
1
LA0
= 45 , a1 = 1,
a2 =
1
LA1−1
= 23 , and LA2 = L312E = 6 + LE . Hence LE = [0;
4
5 , 1,
2
3 , LA2 − 1].
Solving the continued fractions gives that LE is a solution to the following quadratic
equation:
30L2E + 152LE − 140 = 0.
This equation has for positive root LE =
√
2494
15 −
38
15 .
3 Main Theorem
Now we are ready to prove the main result. (Note that in saying that zero can be written
non-trivially as the sum of ℓ elements to the power of d, we mean that p does not divide
at least one element in the sum.)
Theorem 18. Let p be a prime number, d a positive integer and ℓ an integer greater
or equal to 2. Then, LℓD,p is an algebraic number of degree at most 2. Moreover, if 0
can be written non-trivially modulo pe as a sum of ℓ elements to the power of d, where
e = 1 + 2νp(d), then LℓD,p is a rational number.
Proof. Note that the conditions on d imply that d ≥ e. We start by looking at
E =
{
[c] ∈ ℓDpe | [c] =
ℓ∑
i=1
[xi]
d, where at least one of the xi is not divisible by p
}
.
Without loss of generality we may assume that for [c] ∈ E, p ∤ x1. Suppose that c ∈ Zˆp
is such that [c] ∈ E, and that {xi}
ℓ
i=1 ⊆ Zˆp are such that c ≡
∑ℓ
i=1 x
d
i (mod p
e). We
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claim that c ∈ ℓD in this case. Consider the polynomial f(x) = xd +
ℓ∑
i=2
xdi − c. f
has at least one root (mod pe), the integer x1, with p ∤ x1 and f
′(x) = dxd−1, is
such that νp(f
′(x1)) = νp(d). Since e = 2νp(d) + 1 the general version of Hensel’s
Lemma [Gou97, 3.4.1] applies, and so there exists x˜1 ∈ Zˆp such that x˜1 ≡ x1 (mod p)
and f(x˜1) = 0, so c ∈ ℓD. Thus, if [0] ∈ E, then E = ℓDpe and ℓD is a union of cosets of
the form (c+ peZˆp), Proposition 14 applies, and LℓD = LℓD ∈ Q.
If E 6= ℓDpe then we claim that ℓDpe\E = {[0]}. If [c] ∈ ℓDpe\E then there exists
{xi}
ℓ
i=1 such that c =
ℓ∑
i=1
xdi (mod p
e) and p | xi for all i. This implies that p
d
∣∣∣∣
ℓ∑
i=1
xdi and
so pd | c, hence [c] = [0]. Assume that d 6= 2, 4 and p 6= 2, then d ≥ e. Let xi = p · x˜i and
let c˜ =
ℓ∑
i=1
x˜di . We then have c = p
dc˜ with c˜ ∈ ℓD. Conversely if c˜ ∈ ℓD, then c = pdc˜ ∈ ℓD
and c ≡ 0 (mod pe). Thus ℓD =
(⋃
(c+ peZˆp)
)
∪ pdℓD, where the union is over cosets
for which [c] ∈ E. Corollary 16 applies here to show that LℓD,p = LℓD is the root of a
quadratic polynomial over Q[x]. Assume now that p = 2. Then, LℓD,2 is also a root of a
quadratic polynomial by [FJ16, Theorem 3] when d = 2 and by Proposition 29 below when
d = 4.
Corollary 19. For a fixed ℓ, if d is odd and p is a prime, then LℓD,p ∈ Q.
Proof. Write 0 = xd + (−x)d, where p ∤ x, hence LℓD,p ∈ Q by Theorem 18.
Proposition 15 and Corollary 16 give us algorithms that can be used to obtain LℓD,p in
either of the cases above.
The rest of this work will describe cases in which we can determine whether or not 0 can
be non-trivially written as the sum of ℓ elements to the power of d and so determine the
valuative capacity.
4 Specific valuative capacities
To begin this section we need to recall a definition and result from [Sma77].
Definition 20. Given an integer d, a prime p and an integer e > 1, the Waring number
g(d, pe) (mod pe), is the smallest integer such that every element of Z/(pe) can be written
as a sum of g(d, pe) elements to the power of d.
9
Lemma 21. Let d = 2αβ, α ≥ 0, β odd, and let p be an odd prime. Then
1. −1 is a d-th power (mod p) if and only if p ≡ 1 (mod 2α+1).
2. If p 6≡ 1 (mod 2α+1), then g(d, pe) ≥ 3 for all e > 1.
4.1 When p is odd
If p ∤ d, we have e = 1, and we obtain the following formula for the valuative capacity:
Proposition 22. For a fixed ℓ, if p ∤ d and d = 2αβ, with β odd, if p ≡ 1 (mod 2α+1) then
LℓD,p =
1
|ℓDp|
(
1 + 1
p−1
)
.
Proof. Theorem 18 gives that LℓD,p ∈ Q, since by Lemma 21(1), there exist x ∈ Z such
that xd ≡ −1 (mod p), hence 1d + xd ≡ 0 (mod p). Since p ∤ d, e = 1. For any c ∈ ℓDp,
the coset c+pZ, has for valuative capacity L(c+pZ),p = 1+
1
p−1 by Proposition 10, and then
LℓD,p =
1
|ℓDp|
(
1 + 1
p−1
)
by Proposition 12.
The above means, in particular that when d is odd, we have a rational valuative capacity.
When d is even, with p ∤ d and p 6≡ 1 (mod 2α+1), we can obtain explicitly the quadratic
polynomial for which LℓD,p is a root.
Proposition 23. Let p be odd and d an even integer such that d = 2αβ, with β odd. If
p 6≡ 1 (mod 2α+1) and p ∤ d, then LℓD,p is the positive root of the quadratic equation with
coefficients in Q:
L2ℓD,p + dLℓD,p −
(p−1)d
|ℓDp| = 0.
Proof. When d is even, if p ∤ d, we have that e = 1 in the proof of Theorem 18 and
ℓD =
(⋃
(c+ pZˆp)
)
∪ pdℓD for all ci that can be written as ℓ d-th powers (mod p). Thus
LℓD,p = LℓD,p =
1
|ℓDp|
p− 1
+
1
d+ LℓD,p
by Propositions 12. Solving for LℓD,p, gives the stated quadratic equation. Its discriminant
is d2 + 4(p−1)d|ℓDp| which is greater than d
2, hence the equation only has one positive root.
10
Next we look into the case p > (d − 1)4, where p ∤ d and a result from [Sma77b] gives
a very nice formula for the valuative capacity in the case where d is odd, and using the
above, we can still get more details about the valuative capacity when d = 2αβ and p ≡ 1
(mod 2α+1).
Proposition 24. If p > (d− 1)4 and d > 2 then
1. For d odd, LℓD,p =
1
p−1 .
2. For d even, with d = 2αβ and β odd:
(a) If p ≡ 1 (mod 2α+1), then g(d, pe) = 2 and LℓD,p =
1
p−1 .
(b) If p 6≡ 1 (mod 2α+1), then g(d, pe) = 2 for e = 1 and g(d, pe) = 3 otherwise,
and, since p ∤ d,
i. if ℓ = 2, then L2D,p is the root of the quadratic equation L
2
2D,p + dL2D,p −
(p−1)d
|2Dp| = 0,
ii. if ℓ ≥ 3, then LℓD,p =
1
|ℓDp|
(
1 + 1
p−1
)
.
Proof. For both d odd and even we have that g(d, p) ≤ 2, for p > (d − 1)4 by [Sma77],
so this gives us that, ℓDp = Z/(p). Now a lifting lemma in a paper by the same author
[Sma77b, 2.1], gives us that if d is odd, and if c ≡ xd + yd (mod p) has a solution, then
c ≡ xd + yd (mod pe), for any e > 1, hence g(d, pe) = g(d, p) and, Dpe = Z/(p
e). Using
Proposition 9 we get that LℓD,p =
1
p−1 .
For d even and p ≡ 1 (mod 2α+1), then Lemma 21(1), gives that g(d, p) = 2. Thus 0
can be written as a sum of non trivial d-th powers, and then we can lift any solution of
xd + yd ≡ c in Z/(p), to a solution in Z/(pe) for e > 1 ∈ Z. Now by [Sma77], for ℓ > 2, we
have ℓD = Z/(p), hence LℓDp,p =
1
p−1 in this case as well.
In the case d even and p 6≡ 1 (mod 2α+1), Lemma 21(2), gives that g(d, pe) = 2 for
e = 1 and since p > (d−1)4 by [Sma77] g(d, pe) = 3 otherwise, thus (b)i. is Proposition 23
and (b)ii. is Proposition 22.
There is one last case of d odd, when 2 < p < (d− 1)4, where we can obtain a nice formula
for the valuative capacity:
Theorem 25. For p a prime, with p ∤ d, and d > 2, if gcd(d, p− 1) = 1, then D = Z/(pe)
for e ≥ 1, and for ℓ > 1, LℓD,p =
1
p−1 .
Proof. For both d odd and even we have that the d-th power map Z/(p)→ Z/(p), is onto
if gcd(d, p − 1) = 1. Thus, in this case D = Z/(p), and so ℓD = Z/(p) also. Note that in
this case 0 can be non-trivially written as the sum of two elements to the power of d. This
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allows us to use a lifting Lemma [Sma77b, 2.1], giving us that if d is odd, and c ≡ xd + yd
(mod p) has a solution, then c ≡ xd + yd (mod pe), for e > 1, hence g(d, pe) = g(d, p) and
ℓD = Z/(pe). Thus LℓD,p =
1
p−1 as in Proposition 24.
Note that for the previous theorem the case ℓ = 1 can be found in [FJ12].
4.2 When p = 2
We also look into the case p = 2, where we might not find explicit formulas for valuative
capacities, but we look at how one would search for them and we get different proofs of
known results. In order to compute the valuative capacity when p = 2 and d even, we need
to establish something similar to Hensel’s Lemma to allow us to lift values to Z/(2e), with
e > 1.
Proposition 26. Let a be an odd integer and e > 1, then
1. x2
e
≡ a (mod 2) has a solution for all a.
2. For n ≤ e+ 2, x2
e
≡ a (mod 2n) has a solution if and only if a ≡ 1 (mod 2n).
3. For n > e+ 2, x2
e
≡ a (mod 2n) has a solution if and only if a ≡ 1 (mod 2e+2).
Proposition 27. For d an odd integer, n ∈ N, the image of the d-th power map on odd
values is {2m+ 1 (mod 2n) | m ∈ Z}.
Using the above we can now figure out which elements can be lifted, since the odd powers
have the same characterization as the 2αth powers.
Proposition 28. If d = 2αβ, where α ≥ 1 and β is an odd integer ≥ 1, then we can write
D in the following way:
D = {0} ∪ (1 + 2α+2Zˆ2) ∪ 2
d(1 + 2α+2Zˆ2) ∪ 2
2d(1 + 2α+2Zˆ2) ∪ 2
3d(1 + 2α+2Zˆ2) . . . .
Proof. Using Proposition 26, we get that the odd d-th powers have the same characteriz-
ation as the 2α-th, since they are the 2α-th powers of odd values, which are all the odd
values since Proposition 26, can be used to show that this maps onto odd values. The even
d-th powers are of the form 2dnc, where n ∈ N and c is an odd d-th power. Hence the
result.
Proposition 29. For ℓ = 2 and any d = 2αβ, where α ≥ 1 and β is an odd integer ≥ 1,
LD+D is the positive root of the following polynomial depending on d:
(2α+ 6)L2 + (2αd − 2α+ 6d− 7)L+ (α+ 3− αd2 − 6αd− 9d) = 0.
12
Proof. Using Proposition 28, we obtain that
D +D = {0} ∪ ({1, 2} + 2α+2Zˆ2) ∪ 2
d({1, 2} + 2α+2Zˆ2) ∪ 2
2d({1, 2} + 2α+2Zˆ2) ∪ 2
3d({1, 2} + 2α+2Zˆ2) . . .
= D ∪ 2D.
Using Proposition 12 we obtain
1
LD+D
=
1
LD
+
1
L2D∪2d(D+D)
. Using Proposition 10 and 13,
we get the above polynomial.
For the next we will visit the case d = 2, note that our results to coincides with the ones
from [FJ16]. Our results can also be used to generalize the following theorem of Legendre
on sums of squares:
Proposition 30. When ℓ = 3 and d = 2,
3D2 = {0} ∪
∞⋃
i=0
22i({1, 2, 3, 4, 5, 6} + 8Zˆ2).
Proof. We have shown in Proposition 28 that D2 = {0} ∪
⋃∞
i=0 2
i(1 + 8Zˆ2). When adding
the cosets triple-wise, we get
3D2 = {0} ∪
∞⋃
i=0
22i({1, 2, 3, 4, 5, 6} + 8Zˆ2).
The only elements not in 3D2 are those of the form 2
2i(7 + 8Zˆ2), which corresponds to
Legendre’s theorem.
Proposition 31. If d = 2, ℓ ≥ 4 and n ≥ 1, we have that ℓD2n = Z/(2
n) and LℓD2 = 1.
Proof. By Proposition 30, the only cosets missing are those of the form 2i(7+ 8Zˆ2), which
can now be obtained since 7 can be written as the sum of 4 squares, 7 = 4 + 1 + 1 + 1.
Thus ℓD2n = Z/(2
n). By Proposition 10 L3D2 = L3D =
1
p−1 = 1.
To conclude this paper we have added a table of various other valuative capacities (L) for
3D, for both odd and even p:
13
p d e = 2νp(d) + 1 L
2 2 3 2122
2 4 5 32
2 6 3 54
2 8 7 1415
3 6 3 155204
3 12 3 155204
3 18 5 511488
3 27 7 143170
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